. Edge effects at the boundary of a specimen situation using a relatively new model that employs the techniques of Young-measures and uses a nonlocal model for the exchange energy.
Young-measures and related techniques have now been established as important tools in the study of highly oscillatory structures in phase transitions. In ferromagnetism, these methods have been successfully employed to study the relationship between crystallography and domain structure [6] and magnetostriction [7, 13] . Young-measures essentially "average out" magnetic domains by modeling them in a probabilistic fashion.
The use of a nonlocal model for the exchange energy was originally proposed in [12] for the purpose of studying hysteresis using Young-measures.
Traditional mathematical models of ferromagnetism (micromagnetics and domain theory) predict a large (and hence difficult to compute) number of oscillations in the magnetization, but do not allow one to go to the Young-measure limit. The nonlocal model was shown not to suffer from the so-called "coercivity paradox" [3] and a discrete version of the model was used to predict a rich class of hysteresis loops [8] . In this paper we show that the nonlocal model predicts the behavior described above, including magnetic saturation, the onset of edge effects, the spread of magnetic domains throughout the specimen, and the reversal of domains.
The term "edge effects" is used here to refer to the patterns of spike-like domains that appear at the edges of ferromagnetic specimens (see Fig. 1 ). James and Kinderlehrer [6] showed that in cubic crystals in the absence of an applied magnetic field and with exchange energy neglected, edge effects arise naturally in constructing a classical magnetization that minimizes the field energy. In this paper we address the situation in uniaxial crystals. In [3] we showed that if a sufficiently large magnetic field is applied in the "easy" direction of magnetization of a homogeneous uniaxial ferromagnetic body, the body becomes "magnetically saturated", i.e., the global minimizer of the energy is a uniform classical magnetization parallel to the applied field. As the applied field is decreased and reversed, this saturated state loses stability. In this paper we show that it loses stability to a solution that has measure-valued oscillatory edges.
The rest of this paper is organized as follows. In Sec. 2 we define some of the basic, concepts from ferromagnetism with particular attention to applications of Young-measures. In Sec. 3 we develop a one-dimensional version of the energy minimization problem for an infinite plate of finite thickness and derive necessary conditions for the existence of minimizers. In Sec. 4 we find a family of stationary points that include saturated states, states that exhibit edge effects, and purely measure-valued states. In Sec. 5 we show that these solutions are minimizers of the energy. In Sec. 6 we make some concluding remarks. In particular, we compare the minimizers we obtain for one-dimensional problems with functions that are periodic in directions parallel to the face of the body.
Definitions.
In classical mathematical problems in the theory of static, rigid, ferromagnetic materials, one considers a body fl in a given applied magnetic field ho and seeks a magnetization field m: £1 -> K-i such that the magnetostatic energy
Jn is minimized subject to the constraint that |m(x)| = 1 at almost every x G fl.
Here h(m) is the resultant magnetic field generated by m (described further below), W is the anisotropy energy density, and x(m) 's the exchange energy functional In this paper we consider a nonlocal version of the exchange energy of the form
Here k is a positive, symmetric kernel concentrated at the origin and decaying at infinity and c > 0 is a material constant. We consider the particular kernel This kernel arises naturally in nonlocal problems derived from statistical mechanics under the assumption that the probability of a nonlocal interaction between two particles is a function of the distance between the particles. This is a typical assumption in transport theory.
The vector field h(m) is the resultant magnetic field produced by the magnetization. For a sufficiently smooth classical magnetization m, the magnetic field is defined to be the solution of the equations Curl h = 0, (2) (3) (4) (5) Div h = -Div m (2.6) and the jump conditions
[H x n = 0, (2.7) 
J Jn
Here H~l(R3) is the usual Sobolev space (cf., e.g., Adams [1] ). The existence and uniqueness of solutions of (2.11) and their continuous dependence on m is guaranteed by the Lax-Milgram lemma. For more information on the magnetic field and the properties of the field energy see, e.g., [3, 5, 11, 12] .
As we indicated in the introduction, the nonlocal model for ferromagnetic materials was introduced in order to study measure-valued magnetizations, which can be used to model wildly oscillating, weakly convergent sequences of classical magnetizations. Definition 2.1. We define an element of the set M($l) of measure-valued magnetizations on the body to be a nonnegative probability measure i/x on R'j parametrized by x 6 fi, with support on the unit sphere.
Note that a classical magnetization m G M(f2) can be viewed as a measure-valued magnetization with i/x := <5(m(x)).
(2.12)
Here 6(y) is the Dirac delta function centered at y G R3.
It can be shown that with any weak-star convergent sequence of classical magnetizations mra G M(f2), m" ->■ m in L°°(f2), (2.13) (i.e., jfi mn4> -> fQ m0 for every <f> G L] (f})) one can associate a measure-valued magne-
(at least for a subsequence) for any continuous function F : Q x R3 -> R. Conversely, for any measure-valued magnetization v G M{£l) there exists a sequence mn G M(O) such that (2.13) and (2.14) hold. See [14] for a sketch of the proof of these results.
We define the total magnetostatic energy of a measure-valued magnetization /t to be The use of measure-valued magnetizations allows one to obtain a rigorous general existence theory of energy minimizers.
For a further discussion of this energy see [12] and the work of DeSimone [5] and Pedregal [11] . 3 . A one-dimensional model problem.
In this section we formulate a mathematical problem that models the plate experiment described in the introduction. The physical situation is identical to that studied by Miranker and Willner [10] using the micromagnetic model. 3.1. Formulation.
Let i,j,k be an orthonormal basis of vectors in M3 parallel to the x, y, and z coordinate axes respectively.
We consider the problem of a body of finite thickness 2L in the x direction, and infinite extent in the y and z directions:
n := {x = xi + yj + zk 6 K° j -L < x < L, -oo < y < oo, -oc < z < oo}.
We seek to minimize the magnetostatic energy over magnetization fields that depend only on the x direction.
Thus, with a slight abuse of notation, we consider classical magnetizations
Since measure-valued magnetizations depending only on the x coordinate could represent the limit of a sequence of functions that vary in the y and z directions, one might object to the restricting of the problem to one-dimensional magnetization. However, we shall see in Sec. 6 that minimizers obtained over the class of functions that depend only on x are in fact minimizers over the larger set of functions that are periodic in the y and 2 directions. This is a large enough class of functions to yield measure-valued magnetizations with prescribed first and second moments (cf. Theorem 6.2 of [12] ). Thus, in order to ease our calculations, we concentrate on the one-dimensional problem for now and justify its relevance by doing the comparison with periodic functions in Sec. 6. Because of the infinite extent of the body, the magnetostatic energy of any admissible magnetization would be infinite. Thus, we will seek to minimize the energy per unit area in the (y, z) plane.
We first calculate the field energy. We compute the resultant magnetic field due to a magnetization field m(x) = mi(x)i + m 2(x)j + m^{ x)k (which represents either a classical magnetization or the center of mass of a measurevalued magnetization) using the classical equations (2.5), (2.6) and the jump conditions (2.7) and (2.8). We see that these are satisfied by
Thus, the field energy per unit area is given by 1 fL
The anisotropy energy per unit area of a measure-valued magnetization v is given by
are the symmetric second moments of the measure v. This comes from the following form of the anisotropy energy for a uniaxial material:
Wa(m) := ai(mj + ajfm? + mj])).
(See [3] .)
We consider a uniform applied field in the easy direction of magnetization h0 = hoi. The interaction energy is then given by -ho J in i (x) dx. 
Putting all of this together, we get the following magnetostatic energy density for a
We note that the energy of a measure-valued magnetization depends on the measure only through its center of mass and symmetric second moments.
In fact, following the procedures outlined in [3, 12] , it can be shown that, using the information obtained from almost everywhere, one can construct measure-valued magnetizations of minimal energy. While this relieves us of the difficulty of dealing directly with the Young-measures, we must still deal with a point.wise inequality constraint (3.9). To get around this difficulty we follow the procedure of [2] and introduce slack variables Vi, i = 1,2,3, such that gi{x) = mj(x) + v?(x), i = 1,2,3.
(3.11)
We can now seek to minimize We can further simplify the problem by using the pointwise constraint (3.13) to reduce the number of unknowns by eliminating Vj; i.e., we seek to minimize for some i. In this case we refer to a solution as "truly measure-valued". When equality holds for each i we refer to the solutions as "classical".
3.2. Necessary conditions. In this section we derive necessary conditions for the existence of minimizers of £. Our necessary conditions will be for relative minimizers which we define as follows: In addition, a point (mj, m2, to-3, V2,V3) G A is said to be stable when inequality (3.19) can be replaced by a strict inequality.
We begin with the following standard lemma. The function / is quadratic and is minimized at zero. Setting the first derivative at r = 0 to be zero leads to (3.21).
In the second case we define / : [0, e) -> R as above and note that it is minimized at the left-hand endpoint of its domain. Requiring the first derivative to be nonnegative at t = 0 leads to (3.22) . □ We can use this lemma to prove the following. is an L°°-relative minimizer of S over A, then the following relations hold almost everywhere: Proof. Let U be any measurable set in (~L,L) and let \u be its characteristic function. Letting (ui,u2,u3,w2,w3) = (0,0,0, -v2xu^) (which is an admissible "one-sided" variation) and using (3.22) we get 0 < -/ v2(x)dx.
Ju
Since U is arbitrary, this and an analogous calculation for v3 yield (3.24). Inequalities and the boundary conditions
is the unique solution of (3.30), (3.31), and (3.32).
We now derive basic necessary conditions for transverse minimizers. is satisfied. 4 . A continuum of stationary points.
In this section we exhibit a family of stationary points for the one-dimensional model problem formulated in the previous section. We reiterate the following remarks about our solutions:
• Our results depend in a critical way on the specific choice of the anisotropy energy and the kernel of the nonlocal exchange energy.
• As one would expect, the character of our solutions depends on the strength of the exchange forces as embodied in the parameter c. Our family of stationary points exhibits the following properties:
1. When the applied field ho is large in magnitude, the saturated state m = sgn(/i())
is a stable stationary point. (In fact, it is a global minimizer for very large values of /iq.)
2. At a critical value of the applied field, the saturated state loses stability to an "edge effect" solution that is saturated in the middle of the plate and oscillatory (measurevalued) on the surfaces.
3. If the exchange parameter c is sufficiently small, the oscillatory edges encroach on the plate as the magnitude of the field is reduced. Below another critical magnitude of the applied field, there is a stationary point that is measure-valued in the entire plate. 4 . For relatively small values of c we have a complete picture of the magnetization curve: as the applied field is reduced, solutions go from saturated to measure-valued with transitions exhibiting edge effects in between. For larger values of c the picture is less clear. We can show existence of stationary points exhibiting edge effects for applied fields close to the fields at which saturated states lose stability. However, we have not "connected" these solutions to a family of solutions defined for all h0, and (as we shall see in the next section) we have no stability result for nonsaturated solutions in this case.
4.1. Saturated solutions. We refer to states with m=lorm=-las saturated. In [3] we examined (in a much more general setting) the question of when saturated states were relative minimizers of the magnetostatic energy. In this section we review our previous results for the specialized problem we are addressing in this paper. We first determine when a saturated state is a transverse stationary point. For definiteness we examine to = 1. For this function we need only check (3.36), i.e., we require that for x € (-L, L) we have 1 < c~/K(l)(x) + h0 In fact, we can say much more: the stationary points are actually relative minimizers.
The following theorem is a special case of Theorem 4.5 of [3] . In the next section we show that as the applied field is varied past the limit of stability of the saturated state, a stationary point exhibiting edge effects exists. While it is possible to find such an m using the local conditions described in Corollary 3.7, we have found it easier to search for K(m). More specifically, we seek x G (0, L) and 5) and \cryK + ho\ < 1.
and, in addition, the variational inequality (3.36) holds, i.e., C7K + ho > 1. 
Constructing m from this K is straightforward.
is a transverse stationary point. Finding K satisfying the conditions above is a tedious but routine exercise in ordinary differential equations. Solutions can be found as follows. 4 .2.1. Case I. c = 1/2. In this case, after implementing conditions E-l through E-5 and using (4.9) we get 1 -e~2lL) ).
In this case, we cannot show that X3 is monotone. However, T-^(L) < 0 so that there is a solution with edge effects with (ho,x) close to (L, 1-1/(2(1 -e-^L)).
4.3. Purely measure-valued solutions. As we remarked in the previous section, for c < 1/2, the edge-effect solutions found above lose stability to stationary points that are purely measure-valued.
We construct these 
Once again, constructing m from K is straightforward. Since we have multiple equilibria, we expect some sort of hysteresis loop of stationary points. We cannot at this time show the existence of such a structure of solutions analytically.
However, we have shown that close to the critical value of the applied field at which the saturated states lose stability, there exists a continuum of stationary points exhibiting edge effects. (See Fig. 3.) 5. Stability of edge-effect stationary points.
In the previous section, we noted our result from [3] concerning the stability of saturated solutions.
In this section we discuss stability of the nonsaturated solutions found above. We show stability (actually global minimization) only for values of c < 1/2 for which there is no hysteresis. Note that the case where m = -1 on (-x,x) can be treated in the same way. 6 . Conclusions.
We conclude with a few remarks. We first note that we have not ruled out the existence of stationary points that would oscillate between saturated regions of opposite sign with the saturated regions separated by measure-valued regions. Existence and metastability of such solutions (particularly for large values of c) remains an open problem.
Second, we note that one might object to the setting of the one-dimensional problem in the first place. After all, Young-measures that depend only on the variable x arise as the limit of sequences that are periodic in the y and/or z directions.
Fortunately, there is no way to lower the energy per unit area of a plate whose (measure-valued) magnetization depends on x by a perturbation that is periodic in the y and z directions. Thus, if we let u € be the measure-valued magnetization corresponding to the sequence m,, we have £(f) < hm £p(mri) = £p(m) < £(/x), (6.9) n-»oc which contradicts the assumption that minimizes the energy. In light of this observation, we could just as well have posed the problem of minimizing the energy per unit area of any magnetization that is periodic parallel to the plate. We can always lower the energy of such a function by rescaling, taking a weak limit, and using the resulting measure-valued magnetization which depends only on the x-direction.
